We study wave propagation in a chain of spherical particles containing a local resonator. The resonant particles are made of an aluminum outer spherical shell and a steel inner mass connected by a polymeric plastic structure acting as a spring. We characterize the dynamic response of individual particles and the transmitted linear spectra of a chain of particles in contact. A wide band gap is observed both in theoretical and experimental results. We show the ability to tune the acoustic transmission by varying the contact interaction between particles. Higher driving amplitude leads to the generation of nonlinearities both in the response of a single particle and that of the whole chain. For a single resonant particle, we observe experimentally a resonant frequency downshift, which follows a complex nonlinear behavior. In the chain of particles, nonlinearity leads to the generation of nonlinear harmonics and the presence of localized modes inside the band gap.
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I. INTRODUCTION
Artificial materials with a designed geometrical structure that supports localized resonances have been shown to present unusual behaviors with respect to electromagnetic [1] and acoustic wave propagation [2] . These media, referred to as metamaterials, give rise to many novel phenomena, including subwavelength focusing and cloaking [3, 4] . They also set the basis for the design of next-generation devices with tunable and switchable functionalities [5] . Many of these functionalities can be realized due to nonlinear processes emerging when metamaterials are excited by external stimuli [5] .
In acoustics, periodic, locally resonant acoustic metamaterials [6] derive their unique properties from the presence of local resonators in the fundamental unit cells. Acoustic metamaterials have been demonstrated with periodic arrangements of coated spheres or cylinders embedded in a linear homogeneous host medium [7] and with arrays of Helmholtz resonators [8] . Currently, a great amount of work on acoustic metamaterials is devoted to the study of wave propagation in materials with near-zero density and zero-refractive index [9] [10] [11] and nonreciprocal acoustic devices [12, 13] . Extraordinary transmission was obtained using density-near-zero ultranarrow channels [14] or through walls perforated with subwavelength holes [15] . However, in contrast to the electromagnetic counterpart, which includes numerous studies on nonlinear behavior, research on acoustics metamaterials has been mostly limited to the linear dynamical regime.
In the realm of nonlinear acoustic crystals, a great amount of work has been devoted to the study of granular chains, which are closely packed, ordered arrangements of elastic particles (spheres in most of the cases) in contact. Due to the Hertzian contact interaction between the particles [16] , the dynamic vibrational response of these structures can be nonlinear and tunable [17, 18] . This makes granular chains a perfect example for the study of fundamental phenomena [19] and engineering applications including tunable vibration filters [20] , acoustic lenses [21] , and acoustic rectifiers [22] .
In this work, we combine the concepts of elastic wave propagation through tunable nonlinear contacts with that of internal local resonators to design tunable, nonlinear, mechanical metamaterials. We study experimentally the response of individual resonant particles and the wave propagation through a chain of resonant particles in contact, exploring the linear and nonlinear dynamic regimes. We support the experimental findings in the linear regime with theoretical models. Similar granular chains with external resonant masses were described earlier, but their analysis was limited to the linear dynamic regime [23] . The fundamental characterization of granular chains with internal resonators is useful for their potential application in novel materials. Due to their simple geometry, particles with internal resonators are suitable to be embedded in a matrix, for example, in a composite material [24] .
The rest of the manuscript is organized as follows: We describe the experimental setup in Sec. II. The theoretical approaches used to describe the linear behavior of the system are summarized in Sec. III. Section IV presents and discusses the results, and it is divided in two subsections: Sec. IV A discusses the results obtained in the linearized regime and Sec. IV B discusses results obtained at higher driving amplitude, in the nonlinear regime. Section V includes a summary of the main findings and a concluding paragraph.
II. EXPERIMENTAL APPROACH
We fabricate the resonant particles [ Fig. 1(a) ] combining an outer mass (a spherical shell), an inner mass (a solid sphere), and an elastic structure between the two. The outer mass is an aluminum hollow shell (alloy 3003, diameter = 18.6 mm, wall thickness = 0.8 ± 0.1 mm, mass m 1 = 2.3 ± 0.05 g, Young's modulus = 69 GPa, Poisson's ratio = 0.33). The inner mass consists of a solid stainless steel bead (316 type, diameter = 12.8 mm, m 2 = 8.6 ± 0.1 g, Young's modulus = 193 GPa, Poisson's ratio = 0.3). The reported values of Young's moduli and Poisson's ratios are standard specifications [25] . The elastic structure (spring) connecting the two masses is made of a commercial plastic (Verowhite Plus, by Stratasys) having a Young's modulus of 2500 MPa [26] and a mass of 0.2 g. The shape of the elastic spring is shown in Fig. 1(a) and was fabricated by three-dimensional (3D) printing (in a Stratasys Object Connex 500). To test the dynamic response of a single particle and that of a chain of particles in contact, we align and hold the particle(s) in a support system consisting of four polycarbonate rods, held in place by polycarbonate guide plates [20] . An initial static compression is applied on one side by using a translating steel cube. The static force applied is measured with a piezoelectric static load cell [ Fig. 1(b) ]. We continuously drive the particle(s) with a piezoelectric actuator mounted on a fixed steel cube, on the opposite side with respect to the static force sensor. We record the transmitted force-time history using a dynamic force sensor. The input signal and the transmitted signal are generated and measured using a lock-in amplifier. A heavy steel cylinder is added to the system in order to measure simultaneously the dynamic force and the static load.
The linear regime is explored exciting the system with low amplitude (approximately 10 mN peak) swept sine signal from 0.5 to 20 kHz. We compute the power spectral density (PSD) of the signal collected by the dynamic force sensor. Increasing the excitation amplitude (up to approximately 0.5 N peak) it is possible to investigate the nonlinear regime, as shown in the Results and Discussion section.
III. THEORETICAL APPROACH
The nonlinear interaction law between two elastic particles is well described by the Hertzian contact law [16] . In Hertzian contacts, the contact force F i,i+1 between two particles (i and i + 1) relates to the relative displacement i,i+1 of their particles' centers, as
Here, A i,i+1 and n i,i+1 depend on the geometry and material properties of the particles in contact. Values inside the bracket [s] + only take positive values, which denotes the tensionless characteristic of the system (i.e., there is no force between the particles when they are separated). The contact interaction between thin hollow spheres was studied in [27] . For the range of wave amplitude considered in [27] , a power-law type relation (F = kδ n ) was also used to describe the contact. It was found, however, that the exponent n was smaller than the value 3/2 found in the classical Hertzian interaction between solid spheres. The contact stiffness k and the exponent n were found to be dependent on the thickness of the hollow sphere's shell [27] . This dependence of the contact stiffness on the shell thickness can be used in the design of particlesbased metamaterials to tune their resulting transmission spectrum.
The characteristic dynamic response of a single resonant particle compressed between two fixed walls (representing the actuator and the dynamic force sensor in the experimental setup) is expected to present two resonances, corresponding to the in-phase (at lower frequency) and to the out-of-phase (at higher frequency) motion of the outer and inner masses. Ignoring dissipation, these eigenfrequencies are given by
Here k 0 describes the linearized contact stiffness [28] between the outer shell and the steel wall, while k 2 represents the effective stiffness of the inner spring. To describe the dynamics of the locally resonant granular chain considered in this work, we adopt a lumped-element numerical approach. The validity of this approach is based on the fact that for the applied frequency range (0.5-20 kHz), collective resonant vibrations of the individual parts of the resonant unit cells are not excited. In order to verify this assumption, we computed the vibrational analysis of each part of a resonant sphere using a finite-element model (COMSOL MULTIPHYSICS) finding that every resonant mode is above 30 kHz. Thus, the system can be considered as a mass-in-mass lattice [29] and its linear response is described by the following equations of motion [28] :
where u
1,2 represents the displacement of mass "1,2" in the j th cell. The elastic structure, being the much softer of the two masses, plays the role of a linear, damped spring with an effective stiffness k 2 and a viscous damping coefficient η. We assume that most of the dissipation in our physical system occurs inside each unit (introduced by the polymeric structure connecting the shell with the inner mass) and not in the contact between two units. Finally, k 1 is the equivalent of k 0 (linearized contact stiffness) between the outer shells of two resonant spheres and depends on the static precompression F 0 as k 1 
The dispersion relation of an infinite chain of resonant particles presents two bands of propagating frequencies (acoustic and optical) separated by a band gap. For the lossless case (η = 0) the positions of the band edges are given by the following analytical values (the acoustic band starts from 0): f 3 depend on k 1 and thus on the static load. The contact stiffness k 1 changes with the precompression (F 0 ). This is an important feature of granular chains and allows tuning their transmission spectrum by the application of a (variable) external force [20, 30] .
IV. RESULTS AND DISCUSSION

A. Linear regime
To extract the physical parameters to be used in our numerical model, we first measure the acoustic properties of a single resonant particle (Fig. 2) .
From Eq. (2) and the experimental vibrational peaks of a single resonant sphere under a static load of F 0 = 17.3 N [ Fig. 2(a) ], we extract the linearized contact stiffness between the aluminum spherical shell and a stainless flat surface (actuator and force sensor) k 0 , and k 2 . The values obtained from the fitting are k 0 = 7.5 × 10 6 N/m and k 2 = 5.1 × 10 6 N/m. Considering a power-law contact interaction (F = Aδ n ) and various static loads, we find that n = 1.154 and A = 4.583 × 10 7 N/m (n) . Finally, we estimate the dissipation coefficient, η = 8.6 kg/s, measuring the quality factor (and damping coefficient τ ) of the out-of-phase resonant peak.
The results reported in Figs. 2(a) and 2(b) show a very good agreement between the experimental and the numerical transfer function obtained using the state-space approach [31] . This proves the validity of the lumped-element approach. A better agreement could be obtained using a more sophisticated modeling of the viscoelastic dissipation, but this is out of the scope of the present work. The transmission dip observed at f 0 = 3.8 kHz corresponds to an antiresonance around which the dynamic mass density displays a resonancelike behavior (see chap. 5 of [2] ). At that frequency, the displacement amplitude of the outer mass m 1 becomes zero as a result of a destructive interference of oscillations from the driver and the m 2 oscillator (the oscillations of the driver and the m 2 are out of phase). This is confirmed by the fact that f 0 = 1/(2π )(k 2 /m 2 ) 1/2 . From the experimental acoustic response of two resonant unit cells, we derive the parameters for the fundamental contact law between the spherical shells (F = Aδ n ). We find that n = 1.245 and A = 7.4 × 10 7 N/m (n) . These values are in good agreement with those obtained above and with finite-element methods (FEM) in [27] . Using the Bloch state-space formulation (see chap. 6 of [2] ) and the experimental parameters, we derive the damped frequency band structure, Fig. 3(a) , and the corresponding wave-number-dependent damping ratio, Fig. 3(b) , for the infinite chain case. The existence of a band gap is clear [ Fig. 3(a) ]. The origin of this gap is connected with hybridization effects of the dispersion curve of a monoatomic chain of particles with the local resonances. The lower (upper) pass bands consist of modes where the inner and outer masses are oscillating in phase (out of phase). From Fig. 3(b) , we can conclude that the damping ratio of the optical branch modes is higher than that of the acoustic modes, since the presence of the damping material (the 3D printed polymeric structure) influences mostly the out-of-phase motion of the two masses. Among the optical modes, the ones with lower wave number experience higher drop rates. Comparing the analytical expressions of the band edges and the damped frequency band structure, we can conclude that the presence of the dissipation has no influence on the dispersive properties of the structure. In Fig. 3(c) , we show the numerical transfer function for a chain consisting of 11 locally resonant units, with two different initial static loads.
We characterize the linear behavior of the same system using experiments [ Fig. 3(d) ]. We note that, for a static load of 22.6 N, a wide band gap exists between f 1 = 3.5 kHz and f 2 = 8 kHz as well as a gap above f 3 = 17 kHz. We obtain a very good agreement between experiments [ Fig. 3(d) ], numerical results [ Fig. 3(c) ], and theory [vertical lines in Figs. 3(c) and 3(d) ]. To validate that it is possible to tune the band frequencies by varying the static precompression also in experiments, we decreased the static preload from 22.6 to 12.6 N. In this case, the upper cutoff frequency of the optical band downshifts of about 1 kHz, while the upper acoustic edge and the lower optical edge shift only a few hertz (not possible to resolve in experiments). The dip around 11 kHz, which is not captured by the theoretical model, comes from the cavity resonance of the air contained within the resonant particle [computed and verified using a finite-element model (COMSOL MULTIPHYSICS)].
B. Nonlinear regime
We also explore in experiments the nonlinear dynamics of our structure by increasing the amplitude of the driving excitation up to approximately 0.1 N peak. The response of a single resonant particle for different amplitudes of the input signal is shown in Fig. 4 . Figure 4(a) shows the frequency shift of the first resonance (the one corresponding to the in-phase motion of the two masses), while Fig. 4(b) shows the same results for the second resonance (the one corresponding to the out-of-phase motion of the two masses). Experiments clearly show that a softening effect emerges for both resonances, when the driving amplitude is increased. This softening effect is a well-known nonlinear phenomenon but, according to the prediction of a simple phenomenological model (e.g., the Duffing oscillator) [32] , and in accordance with the response reported for weakly nonlinear Hertzian nonlinearity [33] , the resonance frequency shift f should follow a quadratic softening as a function of the drive amplitude. However, in our experiments, both resonances follow a linear dependence on the amplitude [Figs. 4(c) and 4(d) ]. The dashed lines in Figs. 4(c) and 4(d) show the numerical nonlinear resonance shift obtained using Eq. (3) combined with the nonlinear force model described in Eq. (1) . In these calculations, we assumed the inner springs to be linear and, in agreement with earlier theoretical work on granular chains [33] , we obtain a quadratic softening. A linear amplitude dependence is commonly observed in a wide class of materials called mesoscopic media [34, 35] , including damaged solids and geomaterials, and is attributed to hysteretic quadratic nonlinearity. In the case of granular media, it has been shown that frictional nonlinearities (for example, the single shear contact between two spheres) exhibit nonlinear hysteresis [36] . In our case, the hysteretic nonlinear response of the two resonant modes is induced by the presence of the soft elastic spring. Nonlinear hysteretic mechanisms can originate from the complex, frictional contact forces between the elastic structure with the outer shell and the inner mass, and from other mechanisms such as thermoelastic or viscous losses [37, 38] . These effects could explain the linear amplitude-dependent frequency downshift observed. The same mechanisms could also explain the weak, amplitudedependent variation of dissipation mostly evident in the out-of-phase resonance. To capture the experimental response correctly, a more sophisticated modeling of the nonlinear response of the soft elastic spring and the inner contacts would be needed. For example, mesoscopic approaches such as the Preisach-Mayergoyz space [34] could be used to describe the hysteretic nonlinear dynamics of the proposed structure.
We also study the nonlinear dynamics of a chain of resonant particles. We drive the chain with a signal composed of low amplitude (approximately 10 mN peak) sine waves swept between 1 and 17 kHz. To trigger a nonlinear response we superimpose to this low amplitude signal a large amplitude wave (approximately 0.5 N peak) at a fixed frequency (1.68 kHz). This high amplitude driving frequency is chosen to be within the acoustic band. The transmitted signal recorded at the end of the chain shows the generation of the second and third harmonics in the band gap. These harmonics are located within the band gap and for this reason they are evanescent; thus they do not accumulate with distance nor propagate. However, since the fundamental harmonic (the one generated by the harmonic driving) is in the acoustic band, it can propagate along the chain and reach the end of the chain. The signal detected by the force sensor contains evanescent modes, localized at the end of the chain, forced by the fundamental harmonic wave, which plays the role of a nonlinear source. Thus, driving the system at high amplitude within the acoustic band is a way to transmit a signal at a frequency inside the band gap. As in the analysis of single resonant particles, we numerically solve the equations of motion taking into account the fully nonlinear contact forces and considering the inner forces to be linear. The high amplitude driving signal in the numerical study has been chosen to match the frequency of one of the resonant modes contained in the acoustic band. Figure 5 shows the transmitted signal obtained numerically [ Fig. 5(a) ] and experimentally [ Fig. 5(b) ]. It is important to note that a high amplitude input signal at a frequency inside the band gap is not detected at the end of the chain, both in experiments and in simulations; this is an additional proof of the good filtering features of the proposed system.
From the above results, it is evident that harmonic signals with a frequency within the band gap can be detected at the end of the chain if the system enters the nonlinear regime. The nonlinear properties of the presented chain lead also to amplitude-dependent transmitted spectra.
V. CONCLUSIONS
We designed and built a chain of granular elements containing internal resonators and we characterized it using experiments and theoretical approaches. The local resonances resulted in the existence of a wide band gap in the audible regime that makes the system capable of filtering mechanical waves between 3 and 8.5 kHz and above 17 kHz. This frequency range can be tuned by ∼1 kHz varying the static precompression applied on the chain. We have characterized the dynamics of the compressed 1D chain using theory, numerical simulations, and experiments finding good agreement for the linear spectrum. We explored the nonlinear dynamic regime in experiments. In a single resonant particle, the presence of the internal spring leads to a nonlinear dynamic behavior. In a chain of resonant particles, the presence of nonlinearities leads to harmonics generation inside the band gap. Our experimental results provide a demonstration of a practical way to use nonlinearity as a way to tune the dynamic properties of acoustic metamaterials. Thanks to their simple geometry, our systems could easily be embedded in a matrix, providing the basis to create alternative materials for vibration mitigation and impact absorption.
